Bipartite charge fluctuations (BCF) have been introduced to provide an experimental indication of many-body entanglement. They have proved themselves to be a very efficient and useful tool to characterize quantum phase transitions in a variety of quantum models conserving the total number of particles (or magnetization for spin systems). In this Letter, we study the BCF in generic one-dimensional Z2 (topological) models including the Kitaev superconducting wire model, the Ising chain or various topological insulators such as the SSH model. The considered charge (either the fermionic number or the relative density) is no longer conserved, leading to macroscopic fluctuations of the number of particles. We demonstrate that at phase transitions characterized by a linear dispersion, the BCF probe the change in a winding number that allows one to pinpoint the transition and corresponds to the topological invariant for standard models. Additionally, we prove that a sub-dominant logarithmic contribution is still present at the exact critical point. Its quantized coefficient is universal and characterizes the critical model. Results are extended to the Rashba topological nanowires and to the XYZ model.
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Introduction:
Topological phases and topological quantum phase transitions (QPT) have become of tremendous importance in Condensed Matter physics during the last decade. These transitions, occurring at zero temperature, translate into significant change in the entanglement structure of the system and its ground states. Standard tools for analysing this entanglement are the von Neumann entanglement entropy (EE) and spectrum [1] [2] [3] [4] [5] [6] . These entanglement measures detect the phase transitions and characterize some of the topological properties of the system. A common effect is for example the change in degeneracy of the entanglement spectrum, manifesting the appearance of topological zeroenergy edge states when cutting the system [1, 6] . In twodimensional systems, a topological constant (that does not scale with the size of the considered subregion) also appears in the entanglement entropy [3, 4] . Despite some recent proposals and experimental efforts [7] , these fundamentally theoretical quantities are challenging to experimentally measure, requiring copy of a quantum system and complex swap operations [8] [9] [10] . Alternative observables have been proposed to solve this conundrum, and the one this Letter focuses on is bipartite fluctuations, and more particularly bipartite charge fluctuations (BCF) [11] [12] [13] [14] [15] [16] . Let A be a subregion of the total system S. We define the BCF as:
where ... denotes the ground state average at zero temperature andQ j is a local (unit-cell) charge operator (such as the electron number or the spin polarization). BCF have been introduced and studied in both one-and two-dimensional U (1) models (i.e. where the total charge is conserved), as a tool to detect and characterize quantum phase transitions and gapless phases (modes) [13, 17] . In this context, they present strong similarities with EE, such as an area law for gapped ordered phases and a logarithmic growth for gapless (quasi-)ordered phases in one dimension. As an example of the latter, the study of BCF in Luttinger liquids gives a highly precise estimate for the Luttinger parameter [18] . BCF have also been used to characterize the superradiant transition in the Dicke model [19] . We also note recent works on bipartite fluctuations in spin chains, in relation with Many-Body Localization [20] . Experimentally, microwave cavities offer a flexible tool to probe charge polarization and BCF. Recent works [21] [22] [23] thus discuss how topological superconductors could be characterized under microwave radiation. The aim of this Letter is to study the BCF in onedimensional Z 2 topological superconductors and insulators, where only the parity of the considered charge is conserved. For this family of models, the quantum phase transition is not described by a local order parameter, but by an abrupt change in a topological number. Let us first summarize our main results. Due to the non-conservation of the total charge in the system, long-range entanglement leads to a volume law for both gapped phases and critical points:
where l is the size of the subregion A. iQ gives the fluctuations of the total charge in the system per unit length, also studied as the Quantum Fisher Information density [24] . It vanishes for U (1) systems with charge conservation. We explore Z 2 transitions within a Bogoliubov framework by varying a control parameter (typically the chemical potential) across a gapless point. At the phase transition, iQ presents a cusp corresponding to an abrupt change in the winding number of the Bogoliubov angle. The coefficient b of the sub-leading log term in Eq. (2) vanishes in gapped phases but not in gapless phases. Its value is even universal, independent of the microscopic parameters, when the gap closes at a single point in kspace. Details of the proofs and the various computations are presented in the Supplementary Materials [25] . Models: We consider in this work various realistic and interacting models to be addressed below. Let us start for simplicity with simple non-interacting models and consider a general Bogoliubov form in momentum space:
where ε k and ∆ k are continuous by part, and Ψ k is the Bogoliubov spinor. We are interested in models where ε k is even in momentum space while ∆ k is odd [26] .
Relevant topological superconducting models of this form include the Kitaev chain [27] . ε k is then the kinetic energy, ∆ k a pairing term and Ψ † k takes the form (c † k , c −k ). As a guide for the forthcoming discussion, we shall study an extended version of the Kitaev chain, where thirdnearest-neighbor hopping and pairing have been added, leading to
Here, µ is the chemical potential, t (t 3 ) is the (thirdnearest neighbor) hopping and ∆ (∆ 3 ) the (third-nearest neighbor) hopping and the lattice spacing has been fixed to unity. Without loss of generality we choose t = ∆ and t 3 = ∆ 3 . This model presents a richer phase diagram with up to 3 Majorana fermions at each extremity [28] , behaving as if the system had up to 3 different bands (the extension to M end states is straightforward). This model enables us to study transitions between phases with 0 and 1 Majorana end states, but also between 0 and 2 (0 and 3) where the gap closes at two (three) different momenta. The local charge operator can be written as: [32] . The charge then corresponds to the transverse polarization. For all these models, the energy spectrum is given by ± ε 2 k + ∆ 2 k , and consequently both ε k and ∆ k need to vanish at a QPT. We introduce the Bogoliubov angle:
The winding number of θ k ,
where k is summed over the Brillouin zone (BZ), probes the family of QPT studied in this part. For the previous fermionic models, it actually corresponds to the topological index [33, 34] , and the number of edge states with open boundary conditions (Majorana fermions for superconductors, complex fermions for insulators). It has been experimentally measured in photonic and Cold Atoms setups [35] [36] [37] [38] . Interestingly, the angle θ k is ill-defined right at the QPT when both ε k and ∆ k vanish and a discontinuity occurs in θ k on the condition that ε k vanishes faster than ∆ k (as shown in the inset of Fig. 1 ). This discontinuous behaviour is in fact related to the abrupt change in the winding number m across the transition. As demonstrated below, it is also responsible for singularities in the BCF. Generalities: from Wick theorem, the BCF for a linear subregion A of size l can be computed in the thermodynamic limit: (10) where the integration carries on the Brillouin Zone (BZ) and f (k, l) is the Fejér Kernel:
The BCF can be re-written in the convenient form:
where
Basic series analysis leads to the general form for the BCF:
where b is non-zero only at the QPT. Linear contributions: from Eq. 10 and 12, iQ is the density of charge fluctuations in the total system.
where L is the total length of the system andQ the total charge. Remarkably, these fluctuations coincide at T = 0 with the Quantum Fisher Information density [24] (QFID) associated to the chemical potential. The Quantum Fisher Information has been used to characterize several transitions [39] [40] [41] [42] [43] or study quenches in the quantum Ising model [44] , and gives a bound on the precision with which one can evaluate the chemical potential. Additionally, for superconducting models, the QFID allows for a direct evaluation of the superconducting gap: for Kitaev chain for example, iQ = |∆| 2(|∆|+2|t|) in the topological phase [45] . Other noise measurements (fluctuations) have been suggested to measure ∆ [46] . Figure 1 represents iQ as a function of the chemical potential for both the Kitaev chain and its extended version [28] . iQ is continuous but presents a cusp at transitions where the winding number of θ k changes. For systems in which the winding number is a topological invariant, our analysis shows that iQ reveals the topological nature and location of the transition.
Logarithmic contribution: The logarithmic term appears if there are discontinuities in θ k at points in k-space where the gap closes. For a closure at a single momentum k 0 , b directly measures this discontinuity, On the other two lines, the system undergoes two transitions with changes in the winding numbers. The winding number here is also the number of Majorana edge states at each extremity [28] . (Inset) θ k as a function of k in the Kitaev chain for µ = −3t (trivial phase, dashed line), µ = −t (topological phase, dotted line) and µ = −2t (QPT, continuous line). π and −π are identified for both k and θ k . It exhibits a discontinuity precisely at the QPT.
The assumed even (odd) symmetry of ε k (∆ k ) imposes a gap single-closure at either k 0 = 0 or k 0 = π. Hence,
= ±π/2 and one obtains a universal coefficient for the logarithmic fluctuations:
in agreement with Conformal Field Theory. The negative sign reveals the existence of a Majorana mode, as opposed to a U (1) Luttinger model [45] . The factor 2 difference (q e = 2 vs q e = 1) between the 1D (topological) insulator models and the superconductor Kitaev chain originates from the doubling in the number of degrees of freedom. The corresponding critical theories involves complex (Majorana) fermions for insulators (superconductors) with the respective central charges c = 1 and 1/2. The same factor 2 is also found by comparing the degeneracies due to the edge states, 2 for the standard (t 3 = 0) Kitaev chain and 4 for the SSH model. In some cases, the QPT is characterized by a gap closing at multiple momenta. A simple example is provided with t = 0 and µ = −2t 3 in Eq. (4). The gap closes at k = 0 and k = ± 2π 3 leading to b = − 3 2π 2 . In the general case, only a bound for b can be derived,
when the gap closes N times. This bound also applies for free fermions with U (1) charge conservation where the gap closes twice at k = ±k F and the BCF are given by 1 π 2 log(l) + O(1). The structure of the QPT and universality can be further examined by looking at the structure factor of the BCF. We define:
where F T A {Q} is the Fourier transform of the charge in the region A. The integral form is similar to the one in Eq. 10, but where f (k − q, l) is replaced by f (k + φ− q, l).
The additional phase leads to oscillations that generally destroy the logarithmic contributions so that b(φ) vanishes. Nevertheless, at some definite values of the phase φ = k i −k j matching the difference between two momenta k i , k j at which the gap closes, logarithmic contributions to SFQ(A, φ) reemerge and b(φ) takes a finite value. For instance, assuming that the gap closes twice at k = ±k 1 , then we obtain the universal value b(2k 1 ) = − qe 2π 2 . Similarly, discontinuities of ∂ φ iQ(φ) occur at the same values.
Finite-size corrections: in order to analyze data in simulations or real systems, one needs to take into account finite-size effects. We have computed numerically (and analytically for t = ∆) the BCF for a finite system for the Kitaev chain. An additional finite size correction compared to the BCF in charge-conserving system appear:
Extensions: The results so far have been derived for the generic toy model described in Eq. 3, but can be extended to more realistic systems. We have analytically computed the BCF in the Rashba nanowire model [47, 48] for topological superconductors where the wire hosts spin-1 2 fermions with strong spin-orbit coupling. The superconducting proximity effect implies that charge is not conserved but the total parity is. The results of our calculations are displayed in Figure 2 . They show that clear cusps in the QFID of all spin combinations probe the topological phase transition with high precision. These features can also be related to the abrupt change in the topological winding number characterizing the nanowire. Similarily, a quantized logarithmic term also develops in the bipartite spin fluctuations at the QPT with the same constant b as Eq. (16). We finally explore the effect of adding nearest-neighbour interaction to the Kitaev chain model, corresponding to a XYZ spin chain [49, 50] , with the aim of generalizing our discussion to interacting systems. Our MPS computations using the ALPS library [51, 52] demonstrate that the BCF singularities at the QPT are not qualitatively modified by interactions as long as these interactions preserve the nature of the QPT. Hence, the linear term in the BCF exhibits a cusp at the QPT, precisely pinpointing its exact location, and the sub-leading logarithmic term emerges right at the gapless QPT with a coefficient depending on the strength of interactions. Details of the computation for the Rashba nanowires and examples of the numerical results are exposed in the Supplementary Materials [25] .
Conclusions: we have shown that the bipartite fluctuations of the charge or spin characterize phase transitions in Z 2 topological systems. The scaling analysis of these fluctuations with the length of the sub-region reveals quantum phase transitions in two ways: the leading linear behaviour exhibits a cusp and a subleading quantized logarithmic term appears at the transition. For free electrons, an exact relation has been drawn between the full-counting statistics associated with the partial charge Q A and the entanglement and Renyi entropies; extending these relations for superconductors remains an open question [14, 15, 53] . Extension of these results to higher dimensional topological systems will be the subject of a following paper [54] . In particular, in two-dimensional systems such as the p + ip superconductors, we find a divergence of the second derivative of the QFID and a quantized logarithmic scaling at the topological phase transition.
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In these Supplementary Materials, we provide for reference some details on the Bogoliubov formalism adopted to describe the different non-interacting topological superconductors and insulators, including a detailed diagonalization of the Rashba superconductors. Proof of the discontinuity of the derivative of the Quantum Fisher information at a topological phase transition is sketched. Finally, we prove the appearance of secondary logarithmic contributions and discontinuities in the structure factor of the bipartite charge fluctuations.
BOGOLIUBOV FORMALISM
In this section, we detail the Bogoliubov formalism that allow to exactly diagonalize the Kitaev chain [S1] and its extended version with periodic boundary conditions. We also mention sketch the computation for a typical model of topological insulator [S2] and the SSH chain [S3] .
Bogoliubov quasi-particles formalism for the extended Kitaev model
Let us first introduce the real space Hamiltonian for a Kitaev chain with additional third nearest-neighbor hopping and pairing term [S4] .
where µ is the chemical potential, t (t 3 ) the (third-) nearest neighbor hopping and ∆ (∆ 3 ) a (third-) nearest neighbor pairing term. c j is the fermionic annihilator operator at site j. We consider periodic boundary conditions such that the quadratic Hamiltonian can be easily diagonalized in momentum space.
The Fourier transform convention we use is :
where L is the total size of the system.
Forgetting constant terms, we can therefore write the Hamiltonian as :
with
We define the angle θ k by θ k = Arg(ǫ k − i∆ k ), such that:
We introduce the Bogoliubov quasi-particle operators
The ground state is simply the vacuum state for the η operators |0 η . A phase transition occurs when E k vanishes.
To simplify the discussion, we fix t = ∆ and t 3 = ∆ 3 in the rest of the Section. Figure S1 presents the exact phase diagram for the extended Kitaev model. In a system with open boundary condition, the model can present up to m = 3 edge states. The winding of θ k defined by
is a good topological invariant. It actually counts (up to a sign) the number of Majorana edge states and characterize the different phases and phase transitions. [S5, S6] The charge we are interested in is defined by:
where Ψ j the real-space version of the spinor Ψ k . It corresponds to the fermion number (up to a constant).
Typical topological insulator 
Su-Schrieffer-Heeger model
The Su-Schrieffer-Heeger (SSH) model [S3] is a simple model of dimerized fermions. It is a topological insulator model. Its Hamiltonian can be written as:
. In momentum space, the Hamiltonian can be rewritten as:
Using similar conventions as for superconductors, we define ε k = −2(t 1 + t cos(k)), ∆ k = −2t sin(k) and
A phase transition between two distinct topological phases occurs when t 1 = t, where one recovers a chain of free fermions. The winding number of θ k is a good topological number and still counts the number of edge states. These edge states are also complex fermions. The charge is defined by:Q
BIPARTITE CHARGE FLUCTUATIONS IN SIMPLE MODELS
In this section, we present some details on the computation of the fluctuation in the various non-interacting models considered in the main text.
Details for superconductors and quantum XY chain
The bipartite charge fluctuations are given by:
Rewriting the original operators as a function of the η k , we can deduce the following average in the ground state:
Then using Wick theorem, one can compute the 4-fermions correlators. With the relation:
it is straightforward to obtain:
where the integration carries on the whole Brillouin Zone (BZ) and f (k, l) is the Fejér Kernel:
Computation for the insulators Let us focus on the spin-orbit model. The BCF are now given by:
While 4 different correlators appear, anomalous correlators such as c † c † vanish, leading to the general formula:
For the SSH model, the computation is very similar, and while the two-fermions correlators differ, the final result is identical. We note the convenient form:
where F T {f (θ k )} is the Fourier transform of f (θ k ).
Discontinuity of iQ
In this part, we prove the discontinuity of the derivative of iQ at a simple phase transition. We first assume a QPT where the gap closes only at k = 0. We consider transitions driven by an effective chemical potential such that ε k = δµ + δε k , with the transition occuring for δµ = 0, and δε k ∝ k 2 when k ≪ 1. As we consider linear spectrum at the phase transition, ∆ k ∝ k when k ≪ 1. This transition leads to a change in the winding number of θ k , as θ 0 = 0 for δµ > 0 and θ 0 = π if δµ < 0 (assuming that the θ k is only slightly changed by δµ far from k = 0). From Féjer Kernel's properties, one obtain:
We define DI(x) = ∂ δµ iQ| δµ=x . Let us compute the difference between the derivative on two sides of the transition. Let x > 0 and ∆DI(x) = 2π qe (DI(x) − DI(−x)):
and consequently
We finally obtain, as
The derivative is indeed discontinuous at a phase transition where the winding number of θ k changes. The proof becomes more involved when δε k is also linear in k. In that case, both A k (x) and R k (x) contributes to the discontinuity, but with opposite signs. At some special, fine-tuned points, the discontinuity may consequently vanish. The proof is straightforwardly extended for several closings of the gap at non-zero momenta.
STRUCTURE FACTOR OF THE BIPARTITE CHARGE FLUCTUATIONS
In this section, we demonstrate the properties of the structure factor of the BCF. Let us define the structure factor by:
It is easy to express the structure factor (SF) in a form similar to Eq. S17:
The scaling laws of the SF are the same as those of the BCF:
Both coefficients carry information on the structure of the gap closing.
Linear term iQ(φ)
Let consider the SF at a critical point. The linear contribution can be simply obtained from Eq. S23:
Let (k j ) 1≤j≤N the momenta at which the gap closes. θ k is discontinuous at each k j such that δ j = sin(θ k
as long as ∆ k vanishes linearly at k j . We assume that it is the case here. Then one can easily express:
where R(φ) is a continuous function of φ. Now, to study the discontinuity of ∂ φ iQ, we introduce ∆I(φ 0 , δφ) = ∂ φ iQ(φ 0 + δφ) − ∂ φ iQ(φ 0 − δφ). We discard R as its contribution vanishes in the limit δφ → 0, leading to the simple expression:
e. when the gap closes at k j +φ 0 . Note that at some specific, fine-tuned points when there exist several combinations (j 1 , j 2 ) such that φ 0 = k j1 − k j2 or at specific values of θ kj , the discontinuity may vanish.
Logarithmic term b(φ)
Let us now focus on the logarithmic coefficient. From Eq. S18 and S23, it is straightforward to show that a logarithmic term can appear only at a phase transition. The problem can be simplified to the following one: under which conditions on g and φ, a logarithmic term can arise in the scaling laws of: T . In this basis, the Hamiltonian can be rewritten as:
with ε(k) = −µ − 2t cos(k) and ε 2 (k) = 2λ sin(k). Defining the Pauli matrices, 4t with periodic boundary conditions. In red are represented for reference the first two level of the entanglement spectrum. The entanglement spectrum has an exact twofold degeneracy in the topological phase, while it is non-degenerate in the trivial phase. In blue (dotted green), the linear (logarithmic) coefficient obtained from a numerical fit. Note the discontinuity (peak) that still marks the phase transition.
The BCF for the different charges can be safely computed using Wick theorem and the previous expressions. We focus on the topological transition that occur for −2t < µ < 0 and V = ∆ 2 + (µ + 2t) 2 . For large Zeeman field, the system is in a topological phase, while it is a trivial superconductor at low V . None of the angles gives a good winding number, but a discontinuity at k = 0 appear in γ − at the phase transition, marking the topological change.
